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A RIEMANNIAN-GEOMETRICAL MODEL OF
SIMULTANEOUS CONTRAST ILLUSIONS AND
THE FIGURAL AFTER-EFFECTS ON THE
BASIS OF DEPTH EFFECTS

Toshimasa Yamazaki® and Takahiro Yamanoi*

A study was undertaken to construct a descriptive model of both simultapeous
conteast tllusions amd the figural after-effects in terme of o Biemannian space with
Riemmm-Christoffel  curvature  tensor, This diffcrential geometrical modasl  was
applied to the illusion of concentric circles Ithe Delboeuf illusion), the fgural after-efect
amd the dad Noe Dlvsfon (the Crbison sgeare llusiond,

The curvature tensor By, which can be calculated from the metric tensor apecify-
ingr the pereeived distorbion in these ilsions, implies another distortion effect which
cannot be described within two-dimensional plane (depd® gffecd]). This effect ocewrs n
any fgural aiter-effects, whike the simultanecus contrast and the fgural after-cffect anly
for small Inspection time does not evoke this effect. “Therelore, the Lader phenanemon
can e formulated by Foe=0 and the former by B0, Asauming that an indicatri
is elliptie in the local perceptual fiebd of paralbel Hoes and selving K..=0 unigooly
determined the magnitudes of the illuslans as a fractonal function m which a parameter
I& dwelvod,  The slgn of the parmmeter wan degielve of whether the simullame o
Musion ¢ the Ogural afier-efiect with small inspection time is evoked.  Moreover,
extending the presemt model to the surmmation of the effect of each cirele led ue to
simulate w ofswally strehf line in the Ovhison square illusion,

1. Tntroduction

Vision 15 a process of inference (Hofman, 1983). This process implies that
location, orientation, size and color of visval information passing through the reting
and the LGN (Lateral Geniculate Nucleus) would be detected in the visual cortices,
and such attributes be used to recognize patterns and objects in the higher cortices,
Various geometrical optical lusions and the associated figural after-effects, which
are always easy Lo observe remarkably, reveal spatio-temporal aspects of such
vigsual information processing mechanisms.

Enormous theories have heen proposed over the last 20 vears to explain these
phenomena.  According to Gillam (1980), the theories fell into four categories

ey Wards quef Plemscsy Riemannian gpeomelry, simultencoas contrast illnzders, figural after-effects

deplh edlects, Blemann-Chelstoflel curvature tensar, indientrlx, Delbocal illuwion, Ovbisen flusian
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classification theories, activity teories (e g. Nowakowska, 1983), physiolagical theories
and functionad Hreories. Many of the phvsiological theovies or newral confusion
theories are based on lateral inhibition at the retinal level (e.g. Ganz, 1966 ; Walker,
1974 and at the cortical level {eg, Blakemore et al, 19703 Ovama, 1877)  The
controversy between retinal theories and cortical ones (MacLeod et al, 1974;
Walker, 1974) could not be resalved without consideration of more subtle, higher-
order effects.  The fenctional theories (eg. Gregory, 1968) have been developed on
the hasis of an assumption that many geometrical -optical illusions could be related
e cues to the size of objects in the three-dimensional world.  Gregory’s perepective
theory (1968) must introduce unconsciously perceived depth. In the words of
Humphrey and Morgan (1965), “A theory which appeals to the idea of automatic
compensation for unconsciously perceived depth is in obvious danger of being
irrefutable.”  Such a function related with depth perception, however, might be
congidered as one of the candidates for the higher -order effects.

The present study will focus on mathematical theories, especially differential-
geometrical approaches to both the geometrical-optical illusions and the fgural
after-effects.  Such approaches are descriptive in terms of difficulty in finding
physiclogleal substance of mathematical formulations for these  phenomena.
Nevertheless, it had been already proved in many other phenomenon, for example.
bhinocular visual spece perception (Luneburg, 1947 ; Indow, 1874, 1979, 1982 ; Eschen-
burg, 1840 Yamazaki, 1987), color space (Brown & MacAdam, 1849 Von Schel-
ling, 1956 ; Jain. 1472}, color perception (Resnikoff, 1974), shape perception (Caelli,
1977, apparent maotion (Foster, 1975), motion pereption (Caelli et al., 1878) and 8o on,
that a differential geometry is one of the most powerful tools for treating with
visual perception.

Differcntial-geometrical approaches to visual illusions (Hoffman, 1971 Smith,
1978 ; Kawabata, 1976 ; Watson, 1978, Yamanai et al., 1981) have the advantage
that the existing illusions can be quantitatively described by the model simulations
and new phenomena could be predicted and produced without psychological experi-
ments,  In Hoffman's maodel (1971), Lie transformation groups correspond to visual
constancies such as shape constancy and size constancy.  In Smith's model (1978),
apparent curves in geomeirical-optical llusions are attributed to a first-order
differential equation which is mathematically equivalent to Hoffman's Lie-theoretic
madel,  Kawahata (1976) first introduced geodesics into the perceptrnal field in the
sense that these lines give a minimum distance between any two points, caleulated
strengths of the perceptual field for the Miiller-Lyer, the Poggendorff and the
Zillner fgures and explained these illusions as distortions of the metrie of the field.
Watson (1978] and Yamanal et al. {1981} introduced a Riemannian metric into the
differential-geometrical theory on the basis of force field produced by lines.
Yamanol et al, (1981} exemplified ofswally straight lines, which are defined as
geodesics in the Riemannian space, in the Orbison illusion and the Hering illusion.
Hawever, they only calculated the curvature tensor but did not refer Lo the phenom:
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enal meaning.  Similarly. Watson (1978) obtained the solutions for the equations of
the geodesics for the Encloaure illusion, the Miller- Lyer illusion, the Ponzo lusion
and the figural after-effects. It seems very difficult for enly the metric propertics
of Riemannian spaces to account for the Delboeul illusion and the figural after-
effect, because the geodesic is responsible for only the illusions associated with
fength amd stralghiness.

The motivation for this study is to relate the curvature tensor in a Riemannian
space with deplh perception which could reflect the higher-order effects (e.g. Hubel
& Livingstone, 1987 ; Saito et al, 1986 ; Tovama & Kozasa, 19821 than those in the
retina and the primary visual cortex.  The reason is that Kihler and Wallach (1944,
P 2750 observed that the test figure is perceived not only 1o become smaller but also
to lay hack in space.  This phenomenon implies displacement effects which could
net described within two-dimensional fiai plane where visual stimuli are presented,
In order to account for the effect, the visual field under the present theory is
assumed to have not only the metric tengor but also explicitly the curvature tensor
in connection with the stimulus field,

An outling of the present model is as follows : The visual field, as contrasted
with stimulus felds, is modeled with a Riemannian space.  The perceived distortion
will specify the metric. The Riemann-Christoffel curvature tensor ®,.., which can
be calculated from the metric, implies another distortion effect which cannot be
described within two-dimensional flat plane. This effect oceurs in figural after-
effects, while the simultaneous contrast between figures does not evoke this effect.
Therefore, the latter phenomenon can be formulated by @,,=0, and the fornwer by
Kugew=0. By solving these equations, this model could simulate quantitatively the
magnitudes of displacement effects in both the geometrical-optical illusions and the
figural after-effects. These visual illusions are illustrated in Fig. 1.1,

In Section 2, within a general framework of differential REOMELry various
geometrical quantities such ag the metric tensor, the coefficients of connection and
the curvature tensor are introduced into the local perceptual field.  Especially, the
bent dine illugion is defined by the equation of geodesic, and the curvature tensor
implies the depihe effects in the figural after-efiects,  Assuming that an indicatrix iz
elliptic in the perceprual field of parallel lines and golving an equation formulated
by no depflt affect uniquely determine the magnitudes of the lugdon of concentric
circles, of the figural after-effects and of the transition process from the simultane-
oug {llusion to the figural after-effect in Sections 3,4 and 5, respeciively,  Section
& generalizes the present model to the Orbison square illusion.,

B Herendier we cnll denth offios,
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Fig. 1.l #chema of three effects which the present study will address iself 1. Displace-

mamt ¢ffects on concentres circlhes i ik simultancous contrast ard in 1he figural
after-ellec) jovereallmation of loner elrcles and urderestimation al the lnner
circles. respectively) and abo depde offen’ ooourred in the latter situation. which
will e formulatedd in Seotion 33 and disoumed in Sections 0 and &

2, Differentinl-geometrical framework for simultaneous contrast illusions and

the figural after-effects
21 Metrics

Assuming that the stimulus feld such as a two-dimensional flat plane be a two-
dimenzional spatial continuum, each point in the stimulus field is represented by the
spatial coordinates x' {/=1,2), Between line-elements a' (=1, 2) composing the
stimulus field where figures such as circles and lnes are presented, and line-ele-
iments (g} [g=1, 2) which the perceived stimulus field consizts of, a locally defined
linear relation

(efe)? = Afdr’, dx'= A ar)® (2.1.1)
is assumed, where the transformation tensor A2 and its inverse A are functions of
point ¥ (=1, 2}, and Einstedn’s sumimation is adopted throughout this peper with
respect to repeated indices, Moreover, the length o5 of line element " is given by
ale" o Banl e Plele )" = Ban AT A el e,

and the metrie tensor can be wrltten as
o= 8anAT A,
where §.. 15 Kronecker's delta.

22 Parallelism and geodesic
According to Levi-Civita (1917), the parallelism of a vector p'(f) on 8 curve x*

=1} [F is a parameter] in a Eiemannian space with g, i2 defined ag that the
covariant derivative of p° is zero, that is,

o' _ v’ [ E) . _

raE +{H}y B~ (2.2.1)
Note that [ 5] are callled the Christoffel symbols of the second kind, and are given
ly

— -
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where

5, k1= —( At —gi%} {2.2.3)

Ve E_..
t=x and p'=ge'idy in Eq. (2.2.1} vields the equation of geodesic :

L) (a2
St ods ) ds kil ds  ds :
where s depicts the arc lemgth, The geodesic is a generalization of a strabght line
in Euclidean space, and corresponds (o s reconstruction in physical space that
would be perceived to be straphl, and vice verse. This concept has been related
with derid fine Musions such as the Hering illusion and the Orbiaon square illusion,

Yamanoi et al, (19810 explained these (llugions by numerical solutions of the
peodesics.  Watson {1976) also described quantitatively the Enclosure, the Mbller

Lyer and the Ponzo illusions in terms of the geadesics,

24 Phenomenal meaning of Biemann-Christoffel curvature tensor

There is one more important geometrical quantity, curvature tensor, n a
Riemannian space, in addition to metric tensor and the Christoffel symbols, This
section will address itself to phenomenal meaning of the curvature tensor,

Given a metric g, a distortion tensor e, defined by

er E%{ a.u' _Eu}

describes the state of perceived distoction, where §; is Kronecker's delta. This
tensor ¢y could be given by the symmetrical part of an ordinary deformation tensar
£y, For example, this tensor iz defined by

E{Ei.! E,nl}_"'{ gﬁ: F.ﬂa#r ). E{Er.-' E4i)= {‘;‘:‘r - |:'-.II.J‘!I':I:]~'-ﬁ.|l,.-,

LR

where ki, is a displacement vector, and w,; i3 a rotation independent of that on the
basis of the displacement (S8 = dnlie' W2

By the compatibility condition for the distortion tensor e, the integrability
condition of the equation

1 e digy o &
{5+ Al ) iy {24.1)

reduces Lo
El‘ll.ll' - '}-

Here, the M s ealled the Rlemann Christoffel curvature tensor, and is given by
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Rugy= L) BB 4y, g { o =l al {3} (2.3.2)

The curvature tensor Ky implies the ordinary incompatibility. That is, if
%0, then the integrability condition of Eq. (2.3.1) is not assured. This implies
a (three-dimengional) distortion effect which cannot be described within two-dimen:
gional plane surface. On the other hand, =0 guarantees that geometrical-
optical illusions evoke two-dimensional displacement effect,

3. Application to the Delboenf illusion

3.1 Formulations for the illusion of concentric circles

Metric propecties could be obtained by specifying an indicatriz® in any perce-
ptual field. The perceptual field of concentric circles may be locally regarded as
those of parallel lines, The indicatrix in the Aeld of parallel lines had been
experimentally proved (o be elliptic (Yamanaoi et al., 1982) as follows

{X'F+ FXEP=], (3.1.1]
where local coordinaves X' are introduced into the neighborhood of (e, +¥) 80 that
X7 refers to the tangent direction of circles and X' the orthogonal to X7, that is,

X'=dv' cose+desing, X'=—dr'sing+de’ cose {3.1.2)

(s Fig. 31,10, This results not only demonstrates a deformation along the parallel
Jinex but also guarantees that the metrie (s not Euclidean but Riemannian.  The
function & represents the effects of the feld of one circle (stimulus circle ; SC), and
wostlel b cetermined as the magnitudes of illugion in case of the concentric circles
Jater. At the present time, we auppose only that the magnitudes be isotropic, that
ig, the functions of only a distance from the origin (Fig. 3.1L.1):

gl
while Yamanoi et al. (1981) had given this function ¢ in advance, Then, for the

derivation of the metric tensor, we can use the following lemma {Lavgwitz, 1963, p.
178):

Lemma 3.1 Criven Sie fndicafiiy f(x', de')=0, Ne mefric fowsor i glven by

iri
pi=g g (V'=ax), (313

F When lnon medric space & distance between two points P and @ 12 defined by L0 M and LI
s mopzers pod hommgencous, weets e trnngde ecunidy snd 1s camiouus ol sficiently
diffcrentiable. the hypersurface

LiX1=]

ia called the firdicatin ILaupwinz, 1965, 0 1708 Do case of a two-dimenslonal Euclidean space, the
Sl corresponls 8o oowidl eleele,
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Flg. 311 Relationship Bween global coordinares o amd ol courdinates X,

where the mefric base fuaction L is oblained by solving F (xf, do'/L)=1.
From L's( X'+ g X, Equ (5.1.2) and (3.1.3), we have

_(w LA
Huy=

|, f= 114
— ¥ty - ?"{J*F) (i j=1.2) wil4)

where
i
F‘E-’b—,—r_ 1, rl=(x" P4+ {4.1.5)

Equation {3.1.4) means that this metric is Riemannian, because of independence from
g’ (f=1,2), Moreover, using this metrie, the perceived size of a cirele with a
tadius v in the feld iz proved to be

fﬂ‘s=f Vaodedn
= [ naae
=2irr (3.1.6)

for any position (v, ¥"1=0r cos 8, »2in &) on the TC (see Fig. 3110

In & two-dimensional Riemannian space, the number of cssential components of
the curvature tensor is only one. From Eqs. (2.3.2)-(2.3.4), (314 and (3.1.5) we
olHain

Rana= ¢l d" + ?,#'}. (3.1,7]

where * depicts the ordinary derivative with respect to », By setting Ry, we
can derive an equation with respect to g
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Ly, (3.18)
whiose solutions are given by
sir=-L+g, . (3.1.9)
where C) and C; are arbitrary constants.

52 Experiment on the Delboeuf iDusion

In order to compare the model simulation with the psyehological data, the
authors carried out an experiment on the illusion of concentric eircles (Yamazaki,
1990 ; Yamanod, 1994,
121 Apparatus

A eiibject, whose head is fixed by a chin rest, walches a CRT display with
binocularity throughout this experiment.  The distance from the subject's eves to a
gerean of the CRT display is 100 em.  The stimulus configuration on the screen is
as shown in Fig. 32.1.1. On the screen there are concentrically a test circle (TC)
and a stimulus eirele (SC) on the right side with respect (o a gazing point marked
"®" amd a comparison eircle (CC) on the left side.  The stimulee conditions are
composed of a serles of inner circles (T'Cs), whose diameters are 15, 20 and 25 mm
(086, 1.14° and 143, respectively, in visual angles), surrounded by the SC with a
diameter of 30 mm (172" in visual angle), and a geries of outer circles {TCe), whose
diameters are 40, 50 and 60 mam (2287, 288" and 3427, respectively, in visual angles),
surrounding the SC.  This experiment was throughout made in a room with dim
light,

Fig. 3211 The Delboeuf illuion expeciment (Yamazaki, 1990 ; Yamanoi. 1858, The
e porimental sloantion ol Uhe stlmule confgueation,
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32.2 Subjects

Twelve subjects, which consisted of 2-female and d-male university students
and G-male graduate students at the age of 21-26, participated this experiment.
Ench subject had normal or corrected-to-normal vision,
323 Procedure

The subject is requested Lo report a difference in size between the TC and the
CC by the method of three categories.  All the report was carried out by the
kevboard input. The PSE (point of subjective equality) is determined by the
method of limits where one ascending series and one descending series are involved
and the CC's diameter varies at an interval of 1 mm. These procedures were
controlled by a personal computer (NEC PCIRIE or NEC PCOS0IVX) The
magnitude of the illusion was defined as the difference in PSE hetween the TC and
the control condition where there is only the SC.
424 Results

In Fig. 3.3.1 filled squares and vertical bars (1) depict the grand averages and the
standard deviations, reapectively, of the magnitudes ns n function of the ratio of the
size of the TC to that of the 5C.  As zeen from this figure, a tendency was observed
that inner circles are over-estimated and outer circles under-estimated, ag well as
the results of Opasawara (1952).

343 Model simulations

Under the rough condition that the magnitude of the illusion is a fractional
function with respect to » according to Eq. (3,19, many simulations wore tried for
the data fitting. These results showed =1, On the basis of this finding and that
the magnitude i3 a function of the size ratio of the TC to the SC (e.g. Opasawara,
1952 ; Sagara & Owyama, 1957), Eq. (3.1.9) was replaced with

1.2

QM

Flg. 231 Sinwlated and abserved displacement effecis in the Delboeul illusion, A solid
e dopiete the numarical solutlors of Bg. 0030, Filked pguaris and verdical
bars (I represent the srand averages and the standard deviations for ihe
ilisplacement efects chirerved at the autliorn’ experiments Yamaeaki, 1000 ;
Vamanod, L¥4).  The abecksn represems the rathe of the radius of the est
oirgle 1TC to that of the etimulua circle SCHL The eedinate lin miml is defined
by the elilferunce b PSE between the TC and the ceniral comliilhan.
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Fig 220 Slmuloted and ohserved displacement eflects (n the Delboeuf illugion, A eolid
ling depbels the numetlcal solutiors of B, (1501, Fulled diamends represent
Ogasawara's results (Ogasawars, 1952 po 205, Tahbe 3 tallll; p 226, Tables.
kIl @ 78 Table Viadl dor the TC of 80mm in daméter. The abeciesn and
the ordinate ate the same in Fig 251

#r)=-Erel (r=t) (3.5.1)

whete r, represents the radius of the 3O, Then, the corrected function was fitted
to both the psychological data obtained in the previous section and that of Oga-
sawara (19521

Salid lines in Figs. 3.5.1. 3.3.2 and 3.3.3 show the results on the curve fittings to
the data of the present study and the data of Ogasawara for the TCs of 40 mm and
G0 mm in diameters (25 and 18" in vizsual angles) (Ogasawara 1952, Table 3a) p.
225, Table Mab p. 228, Table Tla) p. 2200, respectively,  These figures demonstrate a
romgh approximation of Eq. (3.3.1). Note that “Error” in Table 1 is defined by the
sum of squares of the differences between the psychological data and the model
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simulation divided by the number of the data.

4. Application to the figural after-eMect situation _

How can the present mode]l describe the illusion of concentric circles in the
figural after-effect situation? Some regearchers (Ovama, 1954 ; Tkeda, 1951,
Kogigo) have already investigated this effect as a function of the gize ratio of TC to
inspection circle (IC). These results indicate that such figural after-effect is per-
fectly reverse to the simultancous contrast illusion, That is, the after-effect is
characterized as perceptually emaller inner circles and larger outer ones.

Figures 4.1, 4.2 and 1.3 show the curve Attings of Eq. 43.3.11 to the data of Oyama

026 |
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'EIEI*’,

[l

ar

Fig. 4.1 Simulated and obseroed displacement cffecis in the fgural after-effect situation

wl ke Delbewsl (Huslarne A salld Hoe depiels thi numerical soliatlons of Eg, (3.3

1n  Filled dizamonds represent Cyama's resulls (Oyama, 19543 for e Inspection

timae of 15800, The aliscirgn represents 1he tatio of the radine of the test cirel

(TG v ehat of the Inspectlon clrele (Ch,  The ordingie lin mmk is defined by iha
difference in FSE between the TC and the concrol condivicn,
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Flg 4.2 Simulnted and obseroed displscoment ofects in ehe Agaral nfter-ellesi dlteation
of the Delboeud illusdon, A aolld line depices the pamerieal solutions of Eq. 133
I, Filled diamonds represent fkeda’s resufls (lheda, 19510 for the fnspection
vime of 120 see. The absciesa and ihe oedinate are the ame in Fig, 4.0
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{1954), Ikeda (1951} and Kogiso, respectively.  As seen from these figures, O <0 in
Eq. (3310 gave a rough approximation to the peychophysical data {see also Table
L.

&, Transition process from simolianeous ilusdon to the fgural after-eMect

Lntill mow, it followed that the present model could describe the simultaneoiis
contrast-confluence illusion and the figural after-effect in concentric circle sitwation
a8 Eq. (3310 with O >0 and O <0, respectively,

Then, can the present model Eq. (3.3.1) describe the middle process, that is, the
transition process from the simultaneous (Dusion (o the Ggural after-effect in terms
of ingpection time ?  Ikeda and Obonai (1955) investigated effects of exposure delay
with ingpection time fixed (300 msec) on this process,

21 Experiment by Ikeda and Obonai

The above researchers investigated the trangition process from the simuliane:
ous illusion of concentric circles to the figural after-effects in terms of exposure
delay,  Their experiment is summarized as follows

[

o)

T [

O -0

| S0mees i
Al SMMmser
:-.._._..&_:_'

Fig 6,000 Tkeds and Obonais expeeiment 15550 o0 the erncslifon prooess from the
simultangoue contrast 1o the Agural afeer-effect in concentric circles.  1a)
Stimulus condition,  Two panels A and & could be presenied in the sama
wign] Hebd being averlapped,  The panel o§ has an despectiog cirele HCE, Lhe
parel & haz p tes circle (TC and a compariznn circle (ICCL and both pane]x
mopaeing polat marked by C =" bl T sebasduling of e seimwloe candi
tium. The deration lime of the panels b and 8 s 500 meec.  Jkeds and
(Hsonai investigated the effect of 50A (gimulus coret asvnchrony | between
the two panels ot the pereelved slze of the TC
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511 Apparatus

Twao panels A and I3 were represented by a tachistoscope according to the time
scheduling as shown o Fig. 5.1.1.1b.  The two panels could be located in the same
position of the stimulus feld being overlapped as to the time scheduling.  The panel
A had an 1C, and the panel B a TC and a CC, where the CC was used to determine
the perceived size of the TC, as shown in Fig, 5.1.1.1a, There were seven different
1Ca whose diameters were 10, 15, 20, 30, 40, 60 and 80 mm. The diameter of TC wag
fixed at 30 mm, while that of CC varied from 22 mm to 36 mm with 1 mm steps.  In
order to investigate the transition process from the simultaneous usion to the
figural afler-efects, cighteen S00As (stimulus onsst asynchronies) betweaen the two
panels were prepared during 0- 1000 msee,  The duration time of each panel wag
constant at 500 msec.  The brightness of atimulus felds was 60 lux, The distance
from the subject’s eves to the stimulus field was one meter,
5,17 Subjects

Five college students in the peyehology course participated in this experiment.
311 Procedure

The subjects were asked to judge whether CC was larger, smaller than or equal
to TC.  Six Judgments were obtained for each pair of TC amd CC under every S0A
comdition. The PSE was caleulated on the basie of Wirths formula in the method
of constent stimuli.
a4 Results

Figure 5.1.4.1 includes six graphs showing displacement effects for the S0OA of

1 _5 ——
Po- /f
as - f:t‘ ;p.::_j I E , '
o | \ ' . . = |~ 1000mses
] 2 . 1 g e H00man
=05 |. | 3 —a— diiiran
Y == (e
e b 1 =+ Alms=o
i = Dmass
14 |
.
«] &

Flg 3041 Ikeda and hoonai's results (19535, Six graphs show the displacement effecis
foar Lhae SO0 ol 0 0, 2L, 4060, &0k, amd 10060 T, rasipretively, TR obaclasn
represenis the ratlo of the radivs of the test clocle TTCH to that of the inspec
thomn clrele IC1L  The ardinate lin mmb ix defined by the difference in PSE
butwevn the TC prd the control coadilion,

-] -
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0, 60, 200, 400, 600 and 1,000 msac, respectively.  From these data, it was ohserved
that the increase of S0A resulte in the trangition from overestimation of inner

cireles and underestimation of outer circles (o underestimation of inner circles and
overestimation of outer circles,

6.2  Application to lkeda and Obonal’s data

The current model was applied to the results in the previous section.  The
curve fittings of Eq. (3.5.1) to these data were summarized in Table 1 and Fig. 5.2.1.

0

005

0005 |

=01 |

=00k

=002

Fig. 5,21 Transition process from the simultaneous illasion 1o the Agural after effects as

o funetlon €, which v the paranseler included in Eg. (2500 wf the expoiuse
delay, oo the basis of Ikedn & Obonal’s data,

A o
DT [
estimatl ﬁ{F} F =1 +1

dec les

andereslimation
ol owter clrebes

-

1 F(m o)
A

*: Transition Process from Simultanecus IHusions to Figural After-Effecis
Fig 5.2.2 Summary of the Delboeud usion, the lgural after-effects and he transion

process which are deseribed by € =0 O« 0 and £ === < 0, fessictavely, in
fgy, (3210,
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Eepecially, Fig. 3.2.1 indicates that the transition process from the simultanecus
iNusion to the Agural after-effect can be described by the continuous variation of the
sign of O from plus to minus.  However, we observe this temporal transition as
only o function of the exposure delay but not of the inspection time,

Figure 5.2.2 summarizes the present model involving the illusion of concentric
circles, the Ngural after-effect and the transition process, These three kinds of
spatio-temporal features for concentric circle situation can be described by C; >0,
b and O b= <0, respectively, o Eg (3310

. Inspeetlon time to evoke deplh efMeet

How much of the ingpection time does it take to evoke this depdh effect certain
Iv* The ingpection time was four minutez in the experiment of Kthler and
Wallach (1944, Figure 7.1 shows the relationship between the depth effect and the
inspection time in the concentric circle situation. This result is based on the
fulliswing experiment (Y amazaki, 1991): An IC was presented on the left side or the
tight one with respect to a fixation point marked by “=", Two test circles on hoth
gides immediately followed the end of exposure of the IC, The duration of the
exposure was 10, 30, 60, 90, 120 or 150 sec.  The diameters of the IC and the TC were
constant at 40 mm and 20 mm, respectively. Consequently, there were 12 different
conditiong of apatio-temporal arrangement,  The distance from the fixation point
to the center of each circle was 40 mm. The distance from a subject's eyes to the
presentation plane was 47 em.  This experiment was throughout made in a dark

I8
|4
|2
4 1
o 1
! 04 ! =gurva fithing
A D.E : o plwl'lﬂﬂ'ly'ﬂ:ﬂ Ml
04 i
'
02 .
0 t : :
I 18s5ec T e
vami, 50 0 ey 150 20
i agelecis0} inspaciion time (in sea
(Bkeda & Ohanali

Fig il Lo gient ae 8 function of the exposure dme of inspection cireles, A Tting
sk of the oedimate iv & follows: 00 carmed jiedpe whach tes cirele i farther
away: |:oees eleele om the Jail dor dghtd side |s pereelved e be slightly artber
away than that on the degh tor lefil side; 2 famher away than on the dght dor
Tolih wicbe, A polil Bine whows o Toneticn of Eo, (800 estimntes) frons the pevcbsa
lngical data.  The sfightl farther aicay requires an inspection time of more than
Wseg. The irepeciion inwee of Orama 11954, Teeda (0950, Bapisa and Dkeda
aned Cibaonal (988 are aleo isdicaied i this Ngure
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room. The subject was requested to judge which test circle was farther away with
binocularity. A rating scale for judgment was as follows: 2 test circle on the left
{or right) side is perceived to be farther away than that on the right (or left) side ;
1: alightly farther away | 0 cannot judge which cirele is farther away,  The time
for the judgments was about 10 sec. In Fig. 6.1, the means for the rating scale are
depicted by open sguares.  These data were fitted to a function of the inspection
time |

difi=all—e™), (6.1

where g and b are constants™, under the initial condition &{0)=0 which implies that
there is surely no depth afect in the simiultaneous illusion,  The linear least sguares
estimation yielded ¢=150205 and H=0.02758. In Fig 6.1, the estimated function
A1) 18 also depicted by a solid line, Being perceived to be slightly farther away
requires an inspection time of more than 40 sec' on the basis of Eq. (6.1).  There-
fore, all the psychophysical experiments analyzed in the present study except for
Tkeda's data (1951) would not have vielded any depth @fecd.  This is why the present
model within a framework of no depfh effect could describe both the simultansouws
Mugion and the figural afver-effect with small inspection time in the concentric
circle situation.

7. Generalization to the Orbison square lusion

In this section, the present model will be extended to the llusion in the concen
tric circle field, that is, the Orbison square (lusion (Orbizon, 1939).

Suppose that the pereeptual field of concentric circles, which the Orbison figure
consists of, be given by the summation of the effect of each circle. That is, an
indicatrix in such case is defined by

(X0 (b gy e b gy LX), (7.0

where A& is the number of the concentric circles.  Then, the geometrical quantities
such as the metric tensor and the Christoffel symbols are obtained by replacing ¢
with

D=5 gyt b,
Thus, the equation of the geodesic

* Znch exponential function had been to applisd to the puycholegical data coneemning 1he figural
alter-eflects (e, lanises, 1009 Ovama, 1950, Ewpecially, this fanetion [ 16 geimd ngresieit witl
the data having ithe plafeen feg. Ichikawa, 19320 85 the presend data does,

* From Eq. (T0) when af(i =1, | hecomes

=L afi-1)
= 507w 4 [giir),
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F L] i
“:,:, +{;] ‘ff'; ‘g‘ =0 (i,7, k=1,2) {7.2)

with
P LT (e 2D
{,-,-}‘W'” S DT MO B YIRS A PN (73]

should be a curve which would be perceived to be straight in the Orhison illusion,
where

¥ r # L]
qnug%_l, D"=—L. M+=__ﬂ'.ﬂ'. ‘;W_
] ¥ ¥
In order to examine this generalization, the authors carried out the following
simulation,  For the perceptual field of five concentric circles whose radii are 5, 10,

13, 30 and 25 mm, we solved numerically the equation of geodesic given by Eg, (7.2
with

Rl PR PR R o M o
and

h=—f =l gm gL C

r-"r = r=n = re=n’

where ¢, (/=1, -+, 5} are the radii of the five concentric circles, and C is a constant,
Under the transformation of the variables

S e e et
M=, M= 008 lﬂ!ﬂ'rj‘h dli,l

Eq. (6.2) is replaced by

by,

=[[pJowr sl sl
= or e {plo]

which iz a syelem of ordinary differential equations of the first order with four
unknowns, The Hunge-Kutta-Gill methoed (& applied to this system. In a
Riemannian space. the length of line-element & is defined by

als® = gy i,
which can be written to

de' dy’
s

=101=
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Fig. 7.1 An illustrative solutiom of the geodesic defined by Eqe (3.2 and 1700 in five
congenirle elrelen. A dotted Hre dopiels the nomerienl salallons. A walid line
represents omne o the concemitic circles which could be compared with 1he
altained geodeic

Therefore, ot ench process where numerical solutions are obtained in order, we
replace yy and v by w/T and w/T, respectively, where ¥ is defined by

= 1"IE'| i|:-_|-'a]2 + Rz '|'.E'.E|:_'r'+.]T

for w and y, given.

Figure 7.1 shows a result on this simulation, A dotted line depicts the numeri-
cal solutions of Eq. (7.2) under the initial condition x'= 10 {mm}, x°=16.0 imm),
e felew 10, afe® fele w00 anel x= 0.0, A solid line represents one of the concentric
circles, which can be compared with the obtained peodesic. The slightly upper
curve thao this "eircle” ling would be perceived to be siraight! in the concentiric
circles,

8. Considerations and possible improvement

The authors proposed a deseriptive mode] of both geometrical-optical (Nusions
and the figural after-effects in terms of a Riemannian space with the curvature
tensor which will lead us to predict depti effecsts.  The phenomena had been repaort-
ed by Kihler and Wallach (1944},

The present model including the BEiemann-Cheistoffe]l curvature tensor is bazed
on the following consideration : Consider an w-dimensional Riemannian space
imbedded in an &-dimensional Euclidean space (n< N). Given the Cartesian

coordingte X7 in the Euclidean space and the coordinate »* in the subspace, the
covariant differential of the Jacobian BN =4X"/2c") with respect to x*
dhf [ € [ R e
HimEEL| © | Bt { ﬁ}ﬁ. (=V,80)

ia called the Evler-Schouten curvature tensor (Schouten, 1954),  The relationship
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berween this curvature tenzor and the Riemann-Christoffel curvature tensor fa. (&
given by

Rupn=HaH = HiHva (Hie=(V.B7)@n. Bi=g"Big)

Then, if B,=0I1s called facaffy fat condition, Hi=0 could be called globafly fAal
comidition,  The possibilities of these conditions are as [ollows:

1- ". Hl.ﬂ""u| R'll.lr"r“
2. Ewven il Ky,.=0, H3=0 is not necessarily satished.
3 Even il Rauw0, Hiw0 is not necessarily satisfied,

If there are percopfually or giebally flat planes not only in the simultaneous
illusions but also in the figural after-eftects, these situations should be defined by H2
=), However, i} cannot be obtained explicitly. Therefore, the authors firstly
tried to describe the simultaneous illusion by Ba.e=10 and the figural after-effect by
Knoet=0, because both the formulations could involve H8=0, In Section 2.3, Keu+*
{ was related to another displacement effect, where a plane appears slightly before
or behind the plane. This effect could not be described within two-dimensional
plame, which was deduced from the incompatibility condition with respect to
distortion tensor,

The model simulation on the basis of the accumulated effects of concentric
circles (Section 7] supported also a Riemannian model of Send fwe illusions
{Yamano et al, 1981). Thus, the present model in terms of oo depdh effect could be
responsible for various illusions in concentric circle situation such as the Delboeuf
illusion, the figural after-effect for small inspection time and the Orbison dlusion.

Imperfection of the present model is that displacement effect becomes a
monotone function of the size ratio of the TC to the SC, A better fitting to the
present data might be obtained by a confocal transformation of the metric tensor

Eu=‘t}.(.i."u-

Then, approximated solutions of @{r) with &, =0 are shown in Fig. 8.1. Because

Jl':_nd:=2zn d/,

g may describe the unit length of the peresived stimulus field. Suppose that this
parameter could be psychologically translated into the light threshold and be
affected only by stimulus configuration and stimulus intensity. we could assume that

il # )= A, log ——— ?,_, j

wher-e Felsa mrrectmn term with regpect to the unit of a distance » and J; is the

o Thc vl u:l' I.a Im lhc averpslimation of inmer circles was set (o be smaller than that for che
underesthmntlan of outer clreles hecause che light theeshold cutslde 8 clrcle [s higher than that inside
the circle iNomawa, 1056, 1058,
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Fig. 8.0  Improved displacement effect an the bagis of &) with &, =1 (soe Scction 8 for
el e dleseriptbond,

stimulus intensity,  Solid lines in Fig, 81 depict numerical solutions of #,.,=0with
re=18 (mml, fe= 15 and »y=30{mm), f. =33 for overestimation of inner circles and
underestimation of outer circles®, respectively, in comparison with the displacement
effect observed only for one male subject,  Although Fig. 8.1 demonatrates o good
choice of g, its strict specification should be completed by further research.
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